For an endomorphism in a finite dimensional vector space, one can define its characteristic polynomial and rational Jordan normal form. In this article something analogous is done for differential operators in a finite dimensional vector space. An overview of (partial) algorithms to compute these invariant is also given. Proofs and more results and details can be found in [8] on which this article is based.
Introduction and notation
In this article k is an arbitrary field of characteristic zero, K = k((z)) is the field of formal Laurent series and 7 = z $ is the derivation on K with field of constants k. Permission to copy without fee all or part of this material is granted provided that the copies are not made or distributed for direct commercial advantage, the ACM copyright notice and the title of the publication and its date appear, and notice is given that copying is by permission of the Association of Computing Machinery. To copy otherwise, or to republish, requires a fee and/or specific permission. IS 'WIC 94-7/94 Oxford England UK @ 1994 ACM 0-89791 -838-719410007..$3.50 We therefore introduce the following notation: for a matrix A 6 Matn (K) and g~Gin(K) define g [A] by
An example of a differential operator is
D(y-(:;:)+(i '$2) (;:)
One can also conceive this differential operator as the following system of first order linear differential equations:
The general solution of this system is It has a so-called irregular singularity in the origin. For a differential operator D: V~V with a regular singularity in the origin it is well-known that C := M(D, 0) = Mat(k) for some K-basis F of V and that the isomorphism class of D is determined by the conjugacy class of the monodromy matrix exp(2niC). So in this case we have both the notion of a "characteristic polynomial" (the equivalence class of the characteristic polynomial of C) and a rational normal form (the rational Jordan normal form of C). For a differential operator with an irregular singularity Levelt defined a characteristic polynomial and a Jordan normal form in [7] . However the characteristic polynomial does not contain enough information to determine the isomorphism class of the semisimple part of the differential operator and for the Jordan normal form a field extension is necessary. It is possible that two non-isomorphic differential operators have the same Jordan normal form. The characteristic class and rational normal form described in the rest of this article do not have these deficiencies.
2
The characteristic class In this section we will define an invariant of a differential operator which we will call its characteristic class since it resembles the characteristic polynomial of a linear t ransformation.
The characteristic class of a differential operator is defined using eigenvalues. 2. There exists an T G Z such that g(X) = f(X + r/e).
Here the integer e is the ramification index of the field extension K(a)/K, i.e., there exists a non-zero t c K(a) such that K(a) = k'K(t) and t'/x c k', where k' is the field of constants in K(a). 
where f is a monic irreducible polynomial of degree dim V with coefficients in K and e is the ramification index of a splitting field of f over K. We will write [f] for the right hand side of (1). 
for all short exact sequences Step 2. Construct Rational normal form.
Is given by a rational Jordan normaf form of the matrix AL.
Splitting lemma
Assume that r <0 and the matrix Ar is of the form where P, and Q. are square matrices whose characteristic polynomials are relatively prime.
Step 1 It requires repeatedly solving X from P, X -XQ~= M for given constant mat rix M.
Step 2. Recursively apply the algorithm to the differential operators r + P and 7 + Q.
Characteristic class. c(D) = C(T + P)c(T + Q).
[-
)
Rational normal form. p~where~and~are ratio-OQ .
-/ nal normal forms of the differential operators -r+ P resp. -r+ Q.
4,3
Squarefree case
Assume that r <0 and det(M -A,) is squarefree.
Step 1 Step 2. Construct (up to a given order) a transforma-
Characteristic class.
[(
Rational normal form.
If the matrix A. is in rational Jordan normal form, then a rational normal form of D is given by A:*T + A:+lN+l + ---+ A:.
4.4
One eigenvalue
Assume r <0 and det(J1 -A.) = (J -a)n for some a c k". Recursively apply the algorithm to the differential operator D -ax 'I.
Characteristic class. c(D)(A) = c(D -CM" I)(A -a).
Rational normal_form. where P is a square matrix such that det(A1 -P) = f(J) and every asterisk stands for either the identity matrix or zero.
Step 1 where all -fij are univariate polynomials of degree less than m with coefficients in K. This can be done by a generalization of the algorithm needed in the squarefree case of the algorithm.
Step 2.
Let k' = k(a) be a finite field extension of k where a is an eigenvalue of the matrix P. Define the matrix A' G Mats(k'K) by Rational normal form.
Replacing every a by P in the transformation matrix and in the resulting matrix gives a rational normal form of the differential operator D.
4.6
Nilpotent case
If r <0 and A, is nilpotent, then there are (at least) two ways to proceed.
For both methods ramification might be necessary, i.e., replacing z by t-for some m c N with m >1. The first method consists of computing a super-irreducible form.
If for the resulting matrix A one still has r < 0 and A, is nilpotent, then compute the principal level (or equivalently the invariant of Katz) by one of the methods described in [3] or [5] . Now replace x by tm where m E N is the smallest integer such that the principal level is an element of ( l/m)Z.
Using the algorithm of Hilali over the field K(t)to make the matrix l-irreducible yields a matrix A with r equal to the principal level and A, not nilpotent.
Another method described in [1, $ 4] uses the theory of orbits of the adjoint representation of the algebraic group Glm (k). We will describe this method in some more detail. Let g~n (k) denote the general linear algebra Mat~(k) with bracket operation [z, y] = xy -yz for all z, y c gt'n (k) and let sl~(k) denote the special linear algebra: the subalgebra of gln (k) consisting of the matrices having trace zero.
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